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Vector Differential Operator(𝒅𝒆𝒍𝛁) 

 

∇=
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘 = 𝑖

𝑑

𝑑𝑥
+ 𝑗

𝑑

𝑑𝑦
+ 𝑘

𝑑

𝑑𝑧
  

∇ Is useful in defining three parameters which arise in practical application are 

known as gradient, divergence and the curl. The operator ∇is also called 

(𝑛𝑒𝑏𝑙𝑎)  

 The gradient; 

 Let ∅(𝑥, 𝑦, 𝑧) be defined and differentiable each point (𝑥, 𝑦, 𝑧) in a Cartesian 

region of space the gradient of ∅ is written as ∇∅(𝑛𝑒𝑏𝑙𝑎𝑝ℎ𝑖, 𝑑𝑒𝑙𝑝ℎ𝑖 𝑜𝑟 𝑝ℎ𝑖) 

which is defined as; 

∇∅ = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘)∅  

𝑑∅

𝑑𝑥
𝑖 +

𝑑∅

𝑑𝑦
𝑗 +

𝑑∅

𝑑𝑧
𝑘  

 The component of ∇∅ ∙ �⃗�  and is called the directional derivative of ∅ in the 

direction of unit vector 𝑛⃗⃗⃗  . 

 

The Divergence 

Let 𝑣 (𝑥, 𝑦, 𝑧) = 𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘 be defined and differentiable at each point 

(𝑥, 𝑦, 𝑧)in a certain region of space (v defines differentiable vector field) then 

the divergence of 𝑣  written as                    ∇ ∙ 𝑣  𝑜𝑟 𝑑𝑖𝑣 𝑣         

 

∇ ∙ 𝑣 = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘) ∙ (𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘 )  

         =
𝑑𝑣1

𝑑𝑥
+

𝑑𝑣2

𝑑𝑦
+

𝑑𝑣3

𝑑𝑧
 

NOTE; ∇ ∙ 𝑣 ⃗⃗⃗     𝑣 ∙ ∇ 

 



 

The Curl 

If  𝑣(𝑥, 𝑦, 𝑧) is a differentiable vector field, then the curl or rotation of 𝑣 ⃗⃗⃗   is 

written as;                  

    ∇ × 𝑣  𝑜𝑟 𝑐𝑢𝑟𝑙 𝑣 ⃗⃗⃗   𝑜𝑟 𝑟𝑜𝑡 𝑣 ⃗⃗⃗  = 

∇ × 𝑣 = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘) ∙ (𝑣1𝑖 + 𝑣2𝑗 + 𝑣3𝑘 ) =  

= |

𝑖 𝑗 𝑘
𝑑

𝑑𝑥

𝑑

𝑑𝑦

𝑑

𝑑𝑧

𝑣1 𝑣2 𝑣3

| = 𝑖 (
𝑑𝑣3

𝑑𝑦
−

𝑑𝑣2

𝑑𝑧
) − 𝑗 (

𝑑𝑣3

𝑑𝑥
−

𝑑𝑣1

𝑑𝑧
) + 𝑘 (

𝑑𝑣2

𝑑𝑥
−

𝑑𝑣1

𝑑𝑦
)  

In summary 

a. Gradient is multiplication of ∇ and a scalar quantity. 

b. Divergence is the dot production of ∇ and a vector quantity. 

c. Curl is the cross product of ∇ and vector quantity. 

        Where ∇ is called ‘’Del’’ or ‘’nebla’’ of it representation 

  

                       (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘) 

 

Examples 

 

1. If ∅ (𝑥, 𝑦, 𝑧) = 3𝑥2𝑦 − 𝑦3𝑧2, find ∇∅ at (1,−2,−1)  

 

Soln 

∇∅ = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘)∅ =  (

𝑑∅

𝑑𝑥
𝑖 +

𝑑∅

𝑑𝑦
𝑗 +

𝑑∅

𝑑𝑧
𝑘)  

𝑑∅

𝑑𝑥
=

𝑑

𝑑𝑥
(3𝑥2𝑦 − 𝑦3𝑧2) = 6𝑥𝑦  

𝑑∅

𝑑𝑦
=

𝑑

𝑑𝑦
(3𝑥2𝑦 − 𝑦3𝑧2) =  3𝑥2 − 3𝑦2𝑧2  

𝑑∅

𝑑𝑧
=

𝑑

𝑑𝑧
(3𝑥2𝑦 − 𝑦3𝑧2) = −2𝑧𝑦3  



∇∅ = (6𝑥𝑦)𝑖 + (3𝑥2 − 3𝑦2𝑧2)𝑗 − 2𝑧𝑦3𝑘  

∇∅(1,−2,−1) = 6(1)(−2)𝑖 + (3(12) − 3(−22)(12))𝑗 − 2(−1)(−23)𝑘  

∇∅(1,−2,−1) = −12𝑖 − 9𝑗 − 16𝑘  

𝑑𝑓(𝑥)

𝑑𝑥
=

𝑓(𝑥)

𝑓(𝑥)
               

𝑑𝑙𝑛𝑓(𝑥)

𝑑𝑥
=

𝑓′(𝑥)

𝑓(𝑛)
   

2. Find∇∅, if 

a. ∅ = 𝑙𝑛|𝑟 | 

b.  ∅ =
1

𝑟
  

 Given 𝑟 = (𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘) 

                                      Soln 

𝑟 = (𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘) 

a. ∅ = 𝑙𝑛|𝑟 | = 𝑙𝑛(√𝑥2 + 𝑦2 + 𝑧2) = 𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]
1

2 

             ∅ =
1

2
𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2] 

   ∇∅(
𝑑∅

𝑑𝑥
𝑖 +

𝑑∅

𝑑𝑦
𝑗 +

𝑑∅

𝑑𝑧
𝑘) 

𝑑∅

𝑑𝑥
=

𝑑

𝑑𝑥
[
1

2
𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]] =

1

2
˙

𝑑

𝑑𝑥
[𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]]  

𝑑∅

𝑑𝑥
=

1

2
⋅

2𝑥

𝑥2+𝑦2+𝑧2
=        

𝑥

𝑥2+𝑦2+𝑧2
  

𝑑∅

𝑑𝑦
=

𝑑

𝑑𝑦
[
1

2
𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]] =

1

2
˙

𝑑

𝑑𝑦
[𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]]  

𝑑∅

𝑑𝑦
=

1

2
⋅

2𝑦

𝑥2+𝑦2+𝑧2
=        

𝑦

𝑥2+𝑦2+𝑧2
  

𝑑∅

𝑑𝑧
=

𝑑

𝑑𝑧
[
1

2
𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]] =

1

2
˙

𝑑

𝑑𝑧
[𝑙𝑛[𝑥2 + 𝑦2 + 𝑧2]]             

𝑑∅

𝑑𝑧
=

1

2
⋅

2𝑧

𝑥2+𝑦2+𝑧2
=        

𝑧

𝑥2+𝑦2+𝑧2
  

= ∇∅ = (
𝑥

𝑥2+𝑦2+𝑧2) 𝑖 + ( 
𝑦

𝑥2+𝑦2+𝑧2) 𝑗 + ( 
𝑧

𝑥2+𝑦2+𝑧2) 𝑘  



𝑑𝑓(𝑥)𝑛

𝑑𝑥
= 𝑛. 𝑓′(𝑥) ⋅ 𝑓(𝑥)𝑛−1 

b. ∅ =
1

𝑟
= 𝑟−1 = [𝑥2 + 𝑦2 + 𝑧2]−

1

2 

∇∅ = (
𝑑∅

𝑑𝑥
𝑖 +

𝑑∅

𝑑𝑦
𝑗 +

𝑑∅

𝑑𝑧
𝑘)  

𝑑∅

𝑑𝑥
=

𝑑

𝑑𝑥
[𝑥2 + 𝑦2 + 𝑧2]−

1

2       = −
1

2
˙2𝑥[𝑥2 + 𝑦2 + 𝑧2]−

3

2        

=
−𝑥

[𝑥2+𝑦2+𝑧2]−
3
2

  

𝑑∅

𝑑𝑦
=

𝑑

𝑑𝑦
[𝑥2 + 𝑦2 + 𝑧2]−

1

2       = −
1

2
˙2𝑦[𝑥2 + 𝑦2 + 𝑧2]−

3

2        

=
−𝑦

[𝑥2+𝑦2+𝑧2]−
3
2

  

𝑑∅

𝑑𝑧
=

𝑑

𝑑𝑧
[𝑥2 + 𝑦2 + 𝑧2]−

1

2       = −
1

2
˙2𝑧[𝑥2 + 𝑦2 + 𝑧2]−

3

2        

=
−𝑧

[𝑥2+𝑦2+𝑧2]−
3
2

  

= ∇∅ = (
−𝑥𝑖

[𝑥2+𝑦2+𝑧2]−
3
2

) − ( 
𝑦𝑗

[𝑥2+𝑦2+𝑧2]−
3
2

) − ( 
𝑧𝑘

𝑥2+𝑦2+𝑧2)  

 
(𝑥𝑖+𝑦𝑗+𝑧𝑘)

[𝑥2+𝑦2+𝑧2]
3
2

= 
−𝑟

(√𝑥2+𝑦2+𝑧2)
3  

−𝑟

(|𝑟 |)3
  

3. 𝐼𝑓 𝐴 = 𝑥3𝑦𝑖 + 2𝑦2𝑧𝑗 − 2𝑥𝑧2𝑘     𝑓𝑖𝑛𝑑 ∇̇̇
̇̇
. 𝐴    𝑎(2,−1, 1) 

 

                  Soln 

∇. 𝐴 = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘) . (𝑥3𝑦𝑖 + 2𝑦2𝑧𝑗 − 𝑥𝑦2𝑧2𝑘)  

∇. 𝐴 =
𝑑

𝑑𝑥
(𝑥3𝑦) +

𝑑

𝑑𝑦
(2𝑦2𝑧) −

𝑑

𝑑𝑧
(𝑥𝑦2𝑧2)  

= 3𝑥2𝑦 + 4𝑦𝑧 − 2𝑥𝑦2𝑧  

∇. 𝐴 (2,−1,1) = 3(2)2(−1) + 4(−1)(1) − 2(2)(−1)2(1)  

            = −12 − 4 − 4 = −20  

 

4. if ∅ = 2𝑥2𝑦3𝑧2       𝑓𝑖𝑛𝑑  ∇. ∇∅  

 

  Soln 

 Let’s first evaluate the gradient i.e. ∇∅ 



∇∅ = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘)∅ =

𝑑∅

𝑑𝑥
𝑖 +

𝑑∅

𝑑𝑦
𝑗 +

𝑑∅

𝑑𝑧
𝑘  

𝑑∅

𝑑𝑥
𝑖 =

𝑑

𝑑𝑥
(2𝑥2𝑦3𝑧2)𝑖 = 4𝑥𝑦3𝑧2𝑖  

𝑑∅

𝑑𝑦
𝑗 =

𝑑

𝑑𝑦
(2𝑥2𝑦3𝑧2)𝑗 = (3𝑦2. 2𝑥2𝑧2)𝑗 = 6𝑥2𝑦2𝑧2𝑗  

𝑑∅

𝑑𝑧
𝑘 =

𝑑

𝑑𝑧
(2𝑥2𝑦3𝑧2)𝑘 =  4𝑥2𝑦3𝑧𝑘  

   = 4𝑥𝑦3𝑧2𝑖 + 6𝑥2𝑦2𝑧2𝑗 + 4𝑥2𝑦3𝑧𝑘  

𝑛𝑜𝑤 

∇. ∇∅ = (
𝑑

𝑑𝑥
𝑖 +

𝑑

𝑑𝑦
𝑗 +

𝑑

𝑑𝑧
𝑘) . (4𝑥𝑦3𝑧2𝑖 + 6𝑥2𝑦2𝑧2𝑗 + 4𝑥2𝑦3𝑧𝑘)  

                  =
𝑑

𝑑𝑥
(4𝑥𝑦3𝑧2) +

𝑑

𝑑𝑦
(6𝑥2𝑦2𝑧2) +

𝑑

𝑑𝑧
(4𝑥2𝑦3𝑧)  

 = 4𝑦3𝑧 + 12𝑥2𝑦𝑧2 + 4𝑥2𝑦3  

 

5. Given that 𝐴 = 2𝑥𝑧2𝑖 − 𝑥2𝑦𝑧𝑗 + 2𝑦𝑧2𝑘,        𝑓𝑖𝑛𝑑 ∇ ×

𝐴                𝑐(2,−2, 2)  

Soln 

 

∇ × 𝐴 = ||

𝑖 𝑗 𝑘
𝑑

𝑑𝑥

𝑑

𝑑𝑦

𝑑

𝑑𝑧

2𝑥𝑧2 −𝑥2𝑦𝑧 2𝑦𝑧2

|| 

 

(
𝑑

𝑑𝑦
(2𝑦𝑧2) −

𝑑

𝑑𝑧
(−𝑥2𝑦𝑧)𝑘) 𝑖 − (

𝑑

𝑑𝑥
(2𝑦𝑧2) −

𝑑

𝑑𝑧
(2𝑥𝑧2)) 𝑗 +

(
𝑑

𝑑𝑥
(−𝑥2𝑦𝑧) −

𝑑

𝑑𝑦
(2𝑥𝑧2))𝑘 = 𝑖(2𝑧2 + 𝑥2𝑦) − 𝑗(0 − 4𝑥𝑧) +

𝑘(−2𝑥𝑦𝑧 − 0)   

= (2𝑧2 + 𝑥2𝑦)𝑖 + 4𝑥𝑧𝑗 − 2𝑥𝑦𝑧𝑘             𝑎𝑡(2,−2, 2)  

∇ × 𝐴 (2,−2,2) = (2(2)2 + (2)2(−2))𝑖 + 4(2)(2)𝑗 − 2(2)(−2)(2)𝑘  

                         = (8 − 8)𝑖 + 16𝑗 + 16𝑘 

          = 16𝑗 + 16𝑘 

 

 

 

 

 

 



6. Given that 𝐴 = 2𝑥𝑧2𝑖 − 𝑥2𝑦𝑧𝑗 + 2𝑦𝑧2𝑘, 𝑓𝑖𝑛𝑑  ∇ × ∅               

    Soln 

          ∇ × ∅ = |

𝑖 𝑗 𝑘
𝑑

𝑑𝑥

𝑑

𝑑𝑦

𝑑

𝑑𝑧

3𝑥2𝑦 −𝑦3𝑧2 2𝑥𝑧2

| 

   = (
𝑑

𝑑𝑦
(2𝑥𝑧2) +

𝑑

𝑑𝑧
(𝑦3𝑧2)) 𝑖 − (

𝑑

𝑑𝑥
(2𝑥𝑧2) −

𝑑

𝑑𝑧
(3𝑥2))j+(

𝑑

𝑑𝑥
(−𝑦3𝑧2) −

𝑑

𝑑𝑦
(3𝑥2𝑦))k 

= (0 + 2𝑦3𝑧)𝑖 − (2𝑧2 − 0)𝑗 + (0 − 3𝑥2)𝑘  

= 2𝑦3𝑧𝑖 − 2𝑧2𝑗 − 3𝑥2𝑘 

 

                                      

                                      Summary by Mustapha Tijjani Musa 
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